Purpose -The purpose of this paper is to present numerical results about phase separation of binary fluid mixtures quenched by contact with cold walls. Design/methodology/approach -The thermal phase separation is simulated by using a hybrid lattice Boltzmann method that solves the continuity and the Navier-Stokes equations. The equations for energy and concentration are solved by using a finite-difference scheme. This approach provides a complete description of the thermo-hydrodynamic effects in the mixture. Findings -A rich variety of domain patterns are found depending on the viscosity and on the heat conductivity of the mixture. Ordered lamellar structures are observed at high viscosity while domains rounded in shape dominate the phase separation at low viscosity, where two scales characterize the growth of domains. Research limitations/implications -The present approach provides a numerical method that can be extended to other systems such as liquid-vapor or lamellar systems. Moreover, a three-dimensional study can give a complete picture of thermo-hydrodynamic effects. Originality/value -This paper provides a consistent thermodynamic theoretical framework for a binary fluid mixture and a numerically stable method to simulate them.
I. Introduction
In recent years a lot of interest has been aroused by the study of the phase separation in binary fluids (Bray, 1994) , with many important results obtained by numerical simulations (Puri and Wadhawan, 2009) . When a mixture is quenched from an initial state, where the two components are completely mixed, to a state where the two phases coexist, domains start to form and grow. The morphology of growth is well understood when the quench is supposed to be instantaneous and the temperature is assumed to be not depending on time and space. Otherwise, in several physical phenomena like boiling processes, droplet motion under thermal gradient (Onuki, 2005) or phase separation in important classes of systems (Pooley et al., 2005; Gonnella et al., 2007) , this assumption is not correct. In binary alloys, for example, it was observed that a slow cooling can produce an alternate sequence of bands of different materials ( Jacot et al., 1998) in polymeric mixtures the control of the morphology of domains is possible by a proper thermal driving (Voit et al., 2005) .
In this paper we will discuss some results obtained for the phase separation of a binary fluid mixture quenched by contact with cold walls at temperature below the critical value. The theoretical framework is the one proposed by Gonnella et al. (2008) , where the thermo-hydrodynamic equations are written starting from a free energy functional. An explicit expression for the pressure tensor and for the chemical potential is found depending on thermal and concentration gradient contributions, while phenomenological expressions for heat and mass currents are set following in de Groot and Mazur (1962) . We present results about the growth dynamics of domains, showing how different patterns can be observed by changing the viscosity, the heat conductivity, and system composition.
The thermo-hydrodynamic equations are solved by using an extension of the hybrid lattice Boltzmann method (LBM) proposed by Tiribocchi et al. (2009) . LBM is a numerical method that has been adopted with growing success in the last years to simulate hydrodynamic effects in simple and complex fluids. The continuity and the Navier-Stokes equations are solved by using a LBM approach while the convection-diffusion and the energy equations are solved by using a finite-difference scheme. Proper boundary conditions are introduced to deal with walls.
The paper is organized as follows. In the next section the theoretical model is described while the numerical algorithm is presented in section III. Then we discuss our numerical results. Few conclusions close the paper.
II. The model
We consider a binary mixture with components having number densities n 1 and n 2 . The total density will be n ¼ n 1 þ n 2 while w ¼ n 1 2 n 2 is the order parameter. The bulk internal energy density can be chosen as:
where e int is the interaction energy, l is a parameter representing the strength of the interaction between the two components, and e ð0Þ ¼ nk B T, with k B the Boltzmann constant and T the temperature (Reichl, 1980) . A mixing term contributes to the entropy which is given by Reichl (1980) :
where s is the specific entropy and ns ð0Þ ¼ nk B lnT. The bulk free energy density will be cðn; w; T Þ ¼ e 2 Tns.
In the following we use a w 4 approximation, which is the common choice in phase-separation studies (Bray, 1994) , so that the dependence of c on w reduces to
3n 3 . The contribution from interfaces is introduced via a gradient term so that the free energy is:
A critical transition between a mixed phase and separated phases with concentrations:
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occurs at k B T c ¼ l=2.
Starting from the free energy (equation 3) one can compute (Reichl, 1980 ) the pressure tensor:
where p ¼ 2c þ n›c=›n þ w›c=›w is the bulk pressure, and the chemical potential:
Now, phenomenological expressions for the flows have to be chosen for completely setting up the equations of motion. A natural choice is (de Groot and Mazur, 1962) :
The phenomenological coefficients have to be chosen in such a way that 
whereṽ is the barycentric velocity, z the bulk viscosity, h the shear viscosity and
2 is the total internal energy.
III. The numerical method
A. The hybrid lattice Boltzmann algorithm Equations (9)- (12) are solved in two-dimension numerically, by using a mixed approach.
To perform simulations a lattice Boltzmann (LB) scheme is used for equations (9) and (11) HFF 21,5
and a finite-difference scheme for equations (10) and (12). We briefly describe the LB approach and the finite-difference scheme. For a simple fluid (Benzi et al., 1992; Chen and Doolen, 1998; Succi, 2001 ) the LBM is defined in terms of a set of distribution functions, f i ðr; tÞ, located in each lattice site r at each time t, and of a set of nine velocity vectors e i , defined on a square lattice as shown in Figure 1 , with modulus je i j ¼ Dx Dt ¼ c for i ¼ 1; 2; 3; 4 and je i j ¼ ffiffiffiffi ffi 2c p for i ¼ 5; 6; 7; 8, being Dx and Dt the lattice and the time step, respectively. A zero velocity vector e 0 ¼ 0 is also defined. The distribution functions evolve according to a single relaxation time Boltzmann equation (Bathnagar et al., 1954) :
where t is the relaxation parameter, f eq i are the equilibrium distribution functions and F i is the forcing term to be properly determined.
The total density and the fluid momentum are determined by the following relations:
where F is the force density acting on the fluid. The standard choice for f eq i that allows to reproduce the Navier-Stokes equation in the continuum limit, is given by a second order expansion in the fluid velocity u of the Maxwell-Boltzmann distribution function (Qian et al., 1992) :
where c s ¼ c= ffiffi ffi 3 p is the sound speed in this model, I is the unitary matrix and a possible choice for the coefficients (14) is expressed as a second order expansion in the lattice vector velocities (Ladd and Verberg, 2001 ):
where A, B, and C are functions of F. In order to recover the hydrodynamic equations the coefficients A,B and C have to be:
Moreover, the forcing term F needs to be expressed as:
in order to obtain equation (11). It results that j ¼ h with:
Finally, the discrete forcing term in (13) can be expressed as:
The convection-diffusion and the energy equations (10)- (12) are solved by using a finite-difference scheme. We show here the implementation of the convection-diffusion equation. A similar procedure is adopted for the energy equation. The function wðr; tÞ is defined on the same sites of the LBM with the same space and time steps. Defining w k as the discretized function at time t k ¼ kDt, k ¼ 1; 2; 3. . ., we update w k ! w kþ1 in two partial steps (Fielding, 2008) . In the first step the convective part is implemented using an explicit Euler scheme (Strikwerda, 1989) :
where u comes from the Navier-Stokes equation. Details on the implementation of spatial derivatives can be found in Tiribocchi et al. (2009) . The second step, that takes into account the diffusive part of the equation (10), is solved using an explicit Euler scheme:
The spatial differential operators appearing in J d are calculated by a second-order finite-difference scheme. There are two main advantages related to this method. First, this algorithm avoids the spurious terms that come into play when a full lattice Boltzmann approach is used Swift et al., 1996) , ensuring a better numerical stability. Second, the method allows simulating larger systems due to substantial reduction of memory requirements. Indeed, while one needs to store two sets of nine distribution functions at any lattice site for solving the equations (9-11), as done in Orlandini et al. (1996) , HFF 21,5 only one set of distribution functions and two scalar fields (the concentration w and the temperature T ) are needed for the hybrid algorithm (Tiribocchi et al., 2009 ) with a reduction in memory of about 36 percent.
B. Boundary conditions
We assume periodic boundary conditions along the x-direction and place flat walls at the lower and upper rows of the lattice, where the temperature is kept at fixed values T b and T u (the subscripts b and u denote the bottom and the up walls, respectively). Moreover, we set neutral wetting condition for the order parameter w at walls imposing thatã ·7wj y¼0;y¼L y ¼ 0, beingã an inward normal unit vector to the boundaries. This ensures that the angle between the walls and interfaces of the two fluids is constant at the value p/2. In order to ensure exact conservation of the order parameter w we also require thatã ·7ð7 2 wÞj y¼0;y¼L y ¼ 0. Carefulness has to be paid for imposing boundary conditions for the distribution functions f i . Let us consider the bottom wall (with similar considerations for the upper one). After the propagation, the distribution functions f 0 ðtÞ, f 1 ðtÞ, f 3 ðtÞ, f 4 ðtÞ, f 7 ðtÞ, f 8 ðtÞ are known, differently from f 2 ðtÞ, f 5 ðtÞ, f 6 ðtÞ which are unknown, see Figure 1 . By using equations. (14) and requiring that the fluid velocity on the wall is zero, we can write: f 2 ðtÞ þ f 5 ðtÞ þ f 6 ðtÞ ¼ n 2 ½f 0 ðtÞ þ f 1 ðtÞ þ f 3 ðtÞ þ f 4 ðtÞ þ f 7 ðtÞ þ f 8 ðtÞ; 2 1 2 F x Dt ¼ f 1 ðtÞ 2 f 3 ðtÞ þ f 5 ðtÞ 2 f 6 ðtÞ 2 f 7 ðtÞ þ f 8 ðtÞ; 2 1 2 F y Dt ¼ f 2 ðtÞ 2 f 4 ðtÞ þ f 5 ðtÞ þ f 6 ðtÞ 2 f 7 ðtÞ 2 f 8 ðtÞ:
ð23Þ
Adopting the bounce-back rule (Lavalle et al., 1991; Desplat et al., 2001 ; Zou and He, 1997) f 2 ðtÞ ¼ f 4 ðtÞ for the distribution functions normal to the boundary, the system of equations (23) is closed. To guarantee mass conservation, the density n has to be: nðt; t 2 DtÞ ¼ f 0 ðt 2 DtÞ þ f 4 ðt 2 DtÞ þ f 7 ðt 2 DtÞ þ f 8 ðt 2 DtÞ þ f 1 ðtÞ þ f 3 ðtÞ þ f 4 ðtÞ þ f 7 ðtÞ þ f 8 ðtÞ; ð24Þ
where the quantities at time t 2 Dt have been calculated at the previous time step and have not been propagated over the lattice. Requiring that n ¼n and introducing f 0 ðtÞ as an independent variable (Lamura and Gonnella, 2001), we can solve the system of equations (23) 
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Then, the collision step is performed over all lattice sites, including the walls. This procedure ensures the correct mass and momentum conservation.
IV. Numerical results
In this section we present our results for phase separation. We use Dx ¼ Dt ¼ 1 and square lattices of different linear size L, ranging from 256 to 1,024. At the walls the temperature is kept fixed at the value T b ¼ T u ¼ 0:8T c , being T c the critical temperature. Except the case of Figure 2 , the temperature evolves in the bulk according to the equation (12), starting from an initial value above T c . We fix the free energy parameters as 2a ¼ b ¼ 0:003, K ¼ 23a, corresponding to an interface width j ø 5Dx. Moreover, we set L 12 ¼ L 21 ¼ 0 and l 11 ¼ 0:1. We study the system for different values of the parameters t and l 22 , the first related to the viscosity and the second being the heat conductivity.
It might be useful to compare our results with dynamic temperature with the behavior of a system instantaneously and homogeneously quenched. Therefore, first we shown in Figure 2 a sequence of concentration patterns for a phase separating system with bulk temperature kept fixed at the same value of the walls. The viscosity is set to the value h ¼ 0:167 (t ¼ 1). The domains can be seen to grow homogeneously. The average size of domains R(t) can be defined from the inverse of the first moment of the spherically averaged structure factor (Gonnella and Yeomans, 2009) :
where k ¼ jkj is the modulus of the wave vector in Fourier space and:
withwk; t the spatial Fourier transform of the concentration wðr; tÞ. The average domain size grows in homogeneous quenching as R , t a . For two-dimensional fluid mixtures the value of the growth exponent is a ¼ 1=3, when diffusion is responsible for phase separation, and a ¼ 2=3 when inertial effects become relevant at low viscosity (Bray, 1994) . We found RðtÞ , t 0:68 (see Figure 3 ) which shows that at the considered viscosity hydrodynamics is relevant.
We then consider the case with the temperature evolving according to equation (12). At very high viscosity, different domain morphologies are found by changing the heat Figure 4 ), when heat diffusion is very low, interfaces are essentially perpendicular to the thermal fronts. Configurations in Figure 4 are taken at very different times since at low values of heat conductivity the domain formation becomes a very slow process. The last two cases of Figure 4 manifestly shows different features when compared to the pattern evolution observed in instantaneous quenching. Not only phase separation starts close to the walls and is not homogeneous, but domains grow along preferential directions and isotropy symmetry is broken. Our results agree with Furukawa (1992) , Foard and Wagner (2009) and Krekov (2009) , with the main 
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difference that in our case the thermodynamics of the mixture is fully consistently treated and the temperature fronts have no sharp imposed profile. We show now our results at low viscosity for the same value of h for which hydrodynamics has been shown to be relevant in instantaneous quenching. At high values of heat conductivity one finds results similar to those of Figures 2 and 3 so that we will not consider anymore this regime. The effects of hydrodynamics at smaller values of w can be seen in Figure 5 , where concentration patterns at h ¼ 0:167 (t ¼ 1) and w ¼ 5 £ 10 21 are shown. This case can be compared with both the case of Figure 2 (the same viscosity and instantaneous quenching) and the second case of Figure 4 (higher viscosity and the same heat conductivity). The main difference with respect to the corresponding case at high viscosity is that rounded shapes of domains are favored, and the lamellar domain patterns of the central snapshot of Figure 4 are not observed. Moreover, phase separation occurs very soon in the central region of the system, when compared with the case at high viscosity. In this region domains are characterized by a length scale which is different from that of the domains closer to the walls. This can be seen quite clearly for example in Figure 5 at t ¼ 11 £ 10 5 . The appearance of two characteristic length scales is observed for all the values of w tested in the range 10 23 4 10 21 . This phenomenon is peculiar since, generally, a single length scale is observed in phase separation. The temperature profiles corresponding to the case of Figure 5 are shown in Figure 6 . An increase of temperature, due to the latent heat released during the phase separation, can be initially observed. At successive times, not shown in Figure 6 , the temperature decreases to the value imposed at the walls.
Finally, concerning the low heat conductivity regime, we did not observe big changes induced by hydrodynamics. An example is given in Figure 7 with domains preferentially oriented perpendicularly to the walls as in the last picture of Figure 4 . We also studied phase separation for off-symmetric systems. An example is given in Figure 8 where we show the results obtained at low viscosity (h ¼ 0:167) for w ¼ 10 21 . The composition of the mixture is 60/40. Circular drops appear close to the walls and dominate the phase separation. In the bulk, thin tubes connect larger domains, with two scales characterizing the growth as in phase separation with symmetric composition. At high viscosity, not shown here, a lamellar pattern prevails, with domains parallel to the thermal fronts.
V. Conclusions
In this paper we have presented a study about the phase separation of binary fluid mixtures quenched by contact with cold walls. We use a hybrid LBM to simulate flow and thermal effects in the framework of a consistent thermo-hydrodynamic description. The continuity and the Navier-Stokes equations are solved by using a LBM approach, while the convection-diffusion and the energy equations are solved by using a finite-difference scheme. This approach is numerically stable for a wide range of viscosities and heat conductivities and avoids spurious contributions emerging from Thermal phase separation a full LBM approach. Moreover, a substantial reduction in memory requirement can be realized, giving the possibility to simulate larger systems. Different morphologies have been observed by changing the values of heat conductivity and viscosity. At high viscosity the usual isotropic character of instantaneous phase separation is lost when heat conductivity decreases. Domains grow preferentially along the parallel or perpendicular direction with respect to the walls, depending on the regime considered. Hydrodynamics favors more circular shapes inhibiting the formation of lamellar domains parallel to the walls.
Further studies in three dimensions would give the possibility to have a complete picture of thermo-hydrodynamic effects in phase separation.
